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Gaussian, Non-Gaussian Critical
Fluctuations in the Curie—Weiss Model
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It is known that at the critical temperature the Curie-Weiss mean-field model
has non-Gaussian fluctuations and that “internal fluctuations” can be Gaussian.
Here we compute the distribution of the g-mode magnetization fluctuations as
a function of the temperature, the wave vector g, and a fading out external field.
We obtain new classes of probability distributions generated by this external
field as well as new critical behavior in terms of its rate of fading out. We discuss
also the susceptibility as the limit ¢ tending to zero.

KEY WORDS: Curie-Weiss model; critical probability distributions; suscep-
tibility; critical external fields; modulated fluctuations.

1. INTRODUCTION

In the classical Curie-Weiss mean-field model of ferromagnetism and in
fact for all mean-field type of interactions, it was shown some time ago"?
that one has non-Gaussian critical fluctuation distributions. The situation
for quantum mean-field models is not different.®’ This is a manifestation of
the critical behavior expressed in terms of probabilistic results.

More recently‘® the presence of a substantial Gaussian element at the
critical point was put forward, by showing that “fluctuations within the
fluctuating field are Gaussian,” as the statement was formulated. Our atten-
tion was attracted by this result and we were interested in understanding
whether this was an isolated property or whether this result could be a
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special case of something more general. The results of this paper indicate
that indeed there is a rich structure behind it.

In order to make the paper more accessible, we work out our results
explicitly for the classical Curie-Weiss model, although up to details
everything can be performed for more general systems.””’ As is well
known, the spins of the model are represented by the random variables
o={o,=+1},c4, A={1,2,.,N} in the Gibbs distribution pujz,(-),
defined by the Hamiltonian

H (o, h)= Zaa—ZhYa\

x, ved xeA

where A, e R, J>0; ie., the finite volume A measure is given by, for all
p=1/kTeR™,

1
e-—ﬂHA(a'.h)X
ZA(ﬂ’ h) a“_=zi1

xed

g a(X) =

where X: o - R and

ZA(B; h)-_- Z e_ﬂHA(U,II)

oy= +1
xedA

is the partition function; A, is a pointwise magnetic field
The partition function is easily computed to be

z,(8.m=(3 ) jdvexp(—N—+Z in{2chCo(B7)"2+ 1)) (1)

2 xeAd

We are interested in the limit distribution of the random variable

1
<75 L (o.—my)cosgx;  ge[0,2n) (2)

Fg_A(o)=N
xeA

i.e., in the g-mode fluctuation of the magnetization; m , is the magnetiza-
tion in the Gibbs measure
m, =#g,h(a.\‘)

In this paper we compute the characteristic function of the distribution
of the random variable F{ ,(o):

4 8, q. W)= lim uj, (expLitF§ (o)1) 3)
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We are looking for a value 6 such that this random variable has a non-
trivial limiting distribution.

This limit is studied in terms of the three parameters S or the
temperature 7, the wave vector ¢, and the external field A.

As far as the T dependence is concerned, there is not so much new in
the sense that there exists a critical temperature T, = J/k > 0. We reproduce
the well-known normal Gaussian limit distribution for T> T, for all ¢
and 4. We are essentially interested in new probability distributions in the
critical situation, ie., for T=T..

In Section 2 we consider first the limit distribution (3) as a function
of g, but with vanishing magnetic field 4, =0. We get a general result which
yields as particular cases the results of refs. [, 2, and 4 for very special
values of g, ie, we obtained previous results in a unified scheme. Qur
results give a clear explanation for the appearance of Gaussian “internal
fluctuations.”

In Section 3 we go one step further and we consider also the influence
of the magnetic field as a boundary condition, i.e., we put # = A/N* a>0.
This means that h, tends to zero when the number of sites increases to
infinity. At criticality it produces many new distributions for F{(s) and
different critical indices d: 6 = a/3 for a < 3/2, 6 =1/4 for o> 3/2.

In Section 4 we discuss the long-wavelength limit ¢ = §/N*, y> 0. The
joint limits &, — 0 and ¢ — 0 lead again to new distributions and a new
dependence of the index é on the parameters « and y.

We call a limit distribution normal if d =0 and abnormal if 6 >0; we
call a distribution Gaussian if the characteristic function is of Gaussian
type, i.e., quadratic in the exponential, even if § #0. Our main results are
that for the g-mode fluctuations of the magnetization (2) we obtain as a
function of the parameters g and 4 the following distributions: normal and
Gaussian (Theorems 2.1, 2.2, 3.1, and 3.2), abnormal and Gaussian
(Theorem 3.3), and abnormal non-Gaussian (Theorems 2.2, 3.4, and 3.5).
Concerning these different types of probability distributions, apart from
those of refs. 1, 2, and 4, some of them did show up in the physical
literature, e.g., in refs. 2 and 6 in the context of critical fluctuations and
probability theory, and they were looked upon as “spurious.” In the pre-
sent analysis, a more unified presentation explains their occurrence in terms
of the wave vector ¢ and the magnetic field. We mention also ref. 7, where
for spin glasses a so-called chaotic size dependence is discussed, indicating
different types of probability laws.

We find also a particular value a, = 3/2 for the parameter «, describing
the vanishing of the field 4, if N tends to infinity. For a > «,., the influence
of the field is nonexistent. For a <«,, the presence of A determines the
degree of criticality § as well as the distribution, i.e., at ¢, one gets a new
type of transition for the critical fluctuations driven by a.
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In the long-wavelength limit (Section 4) we discovered a regime for
which the magnetization fluctuation only exists for subsequences of the
increasing number N, indicating an essential singularity for the long-
wavelength susceptibility.

2. ZERO MAGNETIC FIELD (A=0)

If =0 in formula (1), then the partition function can be written as
N 1/2
8.0)=(52) 2 doexp—Nfte, 1)

where f is the free energy density or the rate function in the Laplace
method:

S, ﬂ)=323—ln ch v(BJ)"?

_L

z(l—ﬂJ)v +—(ﬂJ)2 v* 4+ 0(v%)

Denote by f. the value f,.=1/J; it corresponds to the inverse critical
temperature T.=1/kf,. For T>T,
15, B)=4(1—BJ) 0?+ O(*) )
and for T=T,
J(v, B.) = 50* + O(v°) (5)

Let ¢ be any continuous function on R; we compute

b [ o e=N0B) gy
1/{/“[ 1po(v) @(v),  wit #p_o(v)=m

Then, using (4) or (5) and the standard Laplace argument, one gets

lim [ dugo(v) 9(v) = 9(0)

Denote for g€ [0, 27)

1

aunlg) = X cos"gx (6)
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and denote
an(q)= hm an_N(q); nh= 1, 27 3, (7)
N—= o

It is important to remark that one can distinguish essentially two choices
of the “wave vector” g: a,(q)=0 (i, ¢#0) and a,(¢)#0 (ie, g=0). In
spite of the fact that the values of a5, ,(g)=4d,, are evident, we prefer to
keep the notation a,(q) in the formulas, in order to make clear the deriva-
tion and the results, as well as to suggest how the results can be extended
to the case that the wave vector ¢ depends on the volume N, a situation
in which physicists are often interested (see Section 4).

Now we compute the characteristic function (3) for A=0, ie., for
m,=0:

¢(1, 8,4, 0)= lillvnﬂﬁ,o (exp[itF§ ,(o)])
. N 1/2
=lim Z;'(8, 0) (%> [ av

2
xexp{—%v—+ > ln2ch[v(ﬁJ)l/z+itN““/2+'s)COqu]}

xed

Using (6), one gets
o1, B,q,0)= 1i,{,n J dyﬁ_o(v) exp {Ih[v(ﬂj)l/ZJ iN'2=%a, \(q)

2 Né >

MY

_35N—1/203‘N(q)[ch—zv(ﬂj)lﬂ]r+ ,..} (8)

Suppose now that ¢ #0, i, a,. ,,(¢g)=0 and a,(q) = 1/2; then the Laplace
argument yields for all 7> T, that the distribution ¢(¢, 8, ¢, 0) exists and
is not trivial if and only if 4 =0; in that case, it is given by

[2
#(1, B, 9. 0)=cxp { —as(g) 5} ©)
we have proved the following result.
Theorem 2.1. If ¢+#0, ie, a,(q)=0 and a,(q)=1/2, then the

probability distribution of the fluctuation F§(c) is normal (6 =0) and of
Gaussian type [formula (9)] for all values of T2 T..
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This theorem generalizes the particular case treated in ref. 4, which
can be understood in the above setting by choosing g (e.g., g==) in the
interval xe A =[1,2N] such that for an equal number of lattice points
cosgx=1 and cos gx= —1, ie., a, ,5(q)=0 for all N. For this choice of ¢
one gets

1 -
F} ,M0) =51A+s [F3n(a)—F3 \(0)]

Therefore, Theorem 2.1 yields that the subsystems fluctuate coherently;
F%(o) is Gaussian in spite of the fact that FJ ,(s) and F{ (o) blow up as
N — oo (see Theorem 2.2).

In the language of physics, it should be remarked that the variance of
the above fluctuation is the Fourier transform of the susceptibility at the
point g. Heuristic physical arguments lead to the property that this suscep-
tibility is always finite for g #0, even at the critical point. Theorem 2.1 is
a first step toward a general rigorous proof of this property, because
a,{g)=0, if g #0. It shows self-canceling of coherent non-Gaussian fluctua-
tions corresponding to different parts of the system.

Let us now compute the characteristic function (8) in the case
a,(q)#0, ie, ¢=0. Computing again formula (8), one gets for T> T, a
nontrivial result if and only if § =0,

2 2
o0..0.00=exp {5 F28 8 10 |} (10)

On the other hand, if T=T,, then the limit (8) exists and is nontrivial if
and only if  =1/4. It is given by

_ [ duexpl — (u*/12) + itua,(g)]
e b.q.0)= | du exp(— (1*/12))

(11)
We have obtained the following results:

Theorem 2.2. If ¢=0, ie., a,(qg)=a,(g)=1, then the probability
distribution of the random variable for the limit variable of

1
Fg‘,,(a)=wﬁ ). o.cosgx
xe A
is normal (8 =0) and Gaussian (10) if T> T_; it is abnormal (§ = 1/4) and
non-Gaussian (11)if 7=7,. W

The content of this theorem is in fact the case discussed in refs. 1 and
2. We discussed only cases where g is fixed. However, the considerations
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show that also the case g5 — 0 can be considered. In that case there might
be an interference between the quantities a, y(qy) and a, y(gn). This is
even more true if we take into account a fading out external field,
h (N)—0.

In the next section we discuss the g-mode fluctuation of the magnetiza-
tion depending on the external parameters #,, x A.

3. THE MAGNETIC FIELD (h—0)

In this case we put

h

h\'=—9
: N=

a>0 forall xed (12)

i.e, we let the external magnetic field tend to zero following a power law
in the volume, keeping the value of /i constant. We will distinguish here dif-
ferent cases depending on the value of the parameter o. One can imagine
that if « is large enough, the effect of the external field is vanishing, but for
a small enough, there might be an influence on the critical index J as weil
as on the limit probability distribution. In fact that i1s what we are going
to demonstrate.
After substitution of (12) in the partition function (1) one gets

. N 172
2A<ﬂ,hN-°‘)=(£) 2 [dvexp{ N/, BN} (13)
where
X A
f(v, B,l?N'“):%—lnch[v(ﬁ.f}”z+%] (14)

For fixed N, consider the variational problem, related to the Laplace
arguments for (13):

inf f(B, v, AN~ %)= (B, 5, AN~%) (15)

where §=0(B, AN~*) is its solution. The value o does depend on the
volume parameter N¥ while

lim (B < B,, AN ) =lim(BJ)"> m , =0

N N

For the random variable (2) we compute again the characteristic
function (3):
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¢(I,B,q,l;)5’\/li_{11m2 (8, h)( ) J'dvexp{—NTv2

h it
+ ) anChI:v(,BJ)”2 fl"‘ Wcosqx]

xeA
it
_]\I——lﬂ;_émAal‘N(q)} (16)

where Z (8, k) is given by formula (13).
As in Section 2, we can distinguish the two cases ¢ #0 and ¢=0.
Again we start with the case of the wave vector ¢+#0, ie., a,(gq)=0
and a,(gq)>0. We expand the In ch[---] in (16) around the value v(8J)">
and get

2

#(1, B, 4. F) = lim (j dv exp {—N[%——ln ch v(ﬂJ)'/2]+ [tho(BJ)] AEN'—=

+% [ch=2 o(BT)2)(Bh)* N' = + ---})_’
xJ’dv exp {—N[%z—ln ch v(ﬂl)‘/z]
+ [thv(BJ)'"?] Bl; N"“+% [ch=2v(BI)'?]

x L(BRY N' =2 4 (it)? N~%ay (q)] + }

If T> T, using (4) and the transformation v \/]T/ u, one checks that
the limit (16) exists if and only if § =0 for all values of a >0 and that it
is given by

2
o0, 8,9, =exp| ~ S a0 an

If T=T,, using (5) and the transformation vN'* =y, one checks the
existence of the limit (16) if and only if § =0, again for all values of a >0,
and that it is given again by the expression (17). we have proved the
following result (cf. Theorem 2.1):

Theorem 3.1. If ¢+#0, ie., a,(9) =0 and a,(q) = 1/2, then the limit
probability distribution of the magnetization in an external field 4, = =h/N®,
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>0, is normal (6 =0) and Gaussian (17) for all values of a>0 and all
temperatures 7>7,.. ||

Next we analyze the case ¢ =0, i.e., a,(¢) #0. Here we distinguish the
cases T> T, and T=T.. First we treat the case T>T..

It is immediately checked that the solution 7 of the variational
problem (15) yields

o= (BJ)"* th [6(ﬂ])”2+%:| (18)

Now, as T>T. or fJ<1, this gives the following expansion of & for
large N:

ph

o(1— BJ) =15 (BD)"+ - (19)

and m (1 — pJy=P(A/N*)+ ---. Therefore, one gets

th[v(ﬂJ)'/z 16}1] th[‘(ﬂj)'/z ﬂ] (B2 (v—5) +

The numerator of (16) has then the following expansion:

Idvexp( {Bj——lnch[v(li’J)'/2 f;:]}
+ [ opn+ G2 | iwa=ra, 00

2 BAYL o
_E{Ch Z[v(ﬁ.’)l/ f,a]}N Pa, n(g)+ -

- ithNUZ_&aI.N(q)) (20)

Using also the expansion

2

(=) vy Bh _
= {1-/3Jch2[u(ﬁf)/ N"‘]}+ -

v—2~—ln ch liv(,BJ)”2 ﬁh]—ﬁ—2+ln ch [m,,(BJ)”Z+%]
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and the rescaling \/Nu =v— 7, we find that Eq. (16) becomes equal to, for
£>0,

(c—ﬁ)\/ﬁ

1, B, g, h)=li d
¢, B, q, h) 1/rvn<'[_(c+mﬁ u

xexp { - 3[1 —ﬁf’(ﬁ(%ﬁ)ﬂ})

te~0)/N ) u? _ ph
XLH.—md‘“’"”{_7[1"’“” (Nﬁu—ﬁJ)ﬂ

_faz./v(q)
2 NZ(S

xch‘z[<%v+u') (ﬂJ)1/2+f-,—;Z]+ }

Using (19) and again the Laplace argument, one gets that this limit exists
for all «> 0, and is not trivial if and only if é =0. It is given by the normal
Gaussian characteristic function

. 2 J 2
#(1, B, g, h) =exp {— ’5[’31 i‘;ﬁ)m(q)]} (21)

+itN_‘s(ﬁJ)”201.N(4) u

i.e., we have proved the following expected result (cf. Theorem 2.2):

Theorem 3.2. If g is such that 4,(q) #0, then the limit probability
distribution of the fluctuation F{(¢) in the scaled external field /4, = h/N*,
>0, 1s normal (6 =0) and Gaussian (21) for all values of « >0 and for
all temperatures 7> T.. |

We are left with the case T=T,. or f,J=1. With respect to the

previous case there are some essential changes. We start with the expansion
of the free energy functional (14):

) ] { ,
f(v,ﬂ(,hN"‘)=f(6,ﬁ‘.,hN”)+§(v—6)2D£\7’
a0+t woar b0 . (22)
3! ARPTR g

where

D%’(a)=1-ch—2(a+”"”) (23)
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N M) i M)
DYP(a)= —2ch <v+ E th (z + (24)
pptwr=201- (5 8) acr (55 e (52 s

As now 1=p_J, the first-order expansion of Eq.(18) is no longer
valid. Instead of Eq. (19) one gets now

N 173
a=(3f;f’) o (26)

Using this equation for & as a function of N, one can derive the behavior
of the coefficient D%(«). One finds

N\ 2/3
3ﬂ”h) + (27)

D= (L
for large N. In view of the applicability of the Laplace argument, one has
to look at the behavior lim,_ . ND'¥(«). The question is whether the
quadratic term in (22) is dominant or not. If ND¥(«) = o0 for N — o0,
then the quadratic term is dominant; it is clear that this fact depends on
the value of a. If & < 3/2, then ND'¥(a) = co. Let us first treat this case.

Using the expansions (20) and (22), and the fact that the quadratic
term is dominant, together with the scaling (ND$")"? (v — ) =u, we find
that the limit (16) becomes for any ¢>0

#(t, B, g, h)

(NDY2 (e — ) Lo vDEY2 (e — )
= lim j due=v"? J du
)

N LYo+ o — (MDY (e + 0)

2

u*  itua(q) 1
<op{ = T+ S s

_ _ Bh\]aq)
Lo (wmm o+ 57 |5 )

By (27) one gets a nontrivial limit distribution if the index & is such that
N¥(D'3)? ~ N°~*? tends to a nonzero constant, i.e., if and only if § = a/3.
The limit is given by

: r* ailg)
¢(Ia Br! q’h)=exp{_5W} (28)

Therefore, we have proved the following result:

822/75/5-6-24
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Theorem 3.3. If ¢=0, ie, a,(qg)=a,(g)=1, then the limit distri-
bution of the g-mode magnetization fluctuation in the scaled external field
h,=h/N® a>0, at T=T, is abnormal with d=a/3 for all a<3/2, but
Gaussian (28). |

Remark that the critical index & takes all values between zero and one-
half, depending linearly on the parameter «. This means that the degree
of criticality is influenced by the scaling of the external field. Remark also
that the limit probability distribution is Gaussian for « < 3/2. The presence
of the magnetic field 4, generates the Gaussian character, if it does not fall
off too fast; the parameter a seems to have a critical value a,.=3/2 for
Gaussianity. This will become clear from what follows.

Now we deal with the case that « > 3/2. Using again the expansions
(20) and (22), performing the rescaling N(v—7)*=u*, and using the fact
that lim, D}’ =2, we find that the limit (16) can be written as

(1,69, h)
(_[duexp{—%u2 NDQP —(u?31)yN'*DY — fu*
- lim + -« +itua,(q) N~}
N {duexp{—Yu? /N D@D — (w/31) NDQP — L'+ ..}

(29)

Note that if a > 3/2, then
lim /N D =lim N'2~ %A=
N N

lim N'D) = lim N"4=** =0
N N

and the coeficients of the terms of order higher than four also vanish in
{29). Therefore, the limit (29) exists and yields a nontrivial probability
distribution if and only if § = 1/4. The limit is given by [cf. (11)]:

~ [ duexp{—(u*/12) + itua,(q)}
o Ber g 1) = | duexp{—(u%/12)}

We have proved the following result:

(30)

Theorem 3.4. For ¢=0, ie, a,(qg)=1, the limit probability dis-
tribution of the g-mode magnetization fluctuation in the scaled external
field h, = h/N* with a>3/2 at T=T, is abnormal with é = 1/4 and non-
Gaussian (30). |

This theorem yields the same result as in the case # =0 (see refs. 1 and
2 and Theorem 2.2) and this for all values of a > 3/2. If the external field
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drops off with the volume fast enough, the influence of the external field
is nonexistent. Remark that the index &= 1/4, indicating the degree of
criticality, is here independent of o as long as o > 3/2.

Finally it remains to look at the marginal or critical value o, = 3/2. In
this case one has

lim NDY =A4,=(38,.h)"
lim N'D) = 4, = (3B.h)"?

and the coefficient of the terms of order greater than four vanish in (29) in
the limit N - co. Again the limit (29) exists and is nontrivial if and only if
d=1/4; it is now given by

4B I;)__[duexp{—(uz/Z)A2+(u3/3!)A3—u"/12+itua,(q)}
e & = T exp{ — (4/2) A, + (3)31) A, — u*/12)

(31)

We have proved the following result:

Theorem 3.5. If ¢=0, such that a,(¢g)=1, the limit probability
distribution of the g-mode magnetization fluctuation in the scaled external
field h,=h/N** at T=T, is abnormal with 6=1/4 and non-Gaussian,
defined by the expression (31).

4. THE LONG-WAVELENGTH LIMIT (g —0)

The long-wavelength limit is the natural physical language to describe
the critical susceptibility lim, o x(7, g) = oo.

As above, suppose that this limit is taken by the rate exponent y >0
and the amplitude 4, ie., take g, =GN ~". Then one gets that for N — oo

I+, N~ 4 .. y>1 [I(y>1)>0]
ay n(gn) =14 (sin §)/g+c; N~ + .. y=1 [Iy=1)>0] (32)
N-U=Dsin(GN'= ")+ -y y<l1

One easily gets the asymptotics for a, v(gn), a3 y(qn), etc, from the
trigonometric formulas. Let limy a, y(g5) = d,(§). Then we get [cf. (6)]

dy(¢)=lim a, y(gn)=3[1+4,(2§)1>0
! (33)
53(4)5“{}1 as n(gn) = 3034,() + d,(3§)], etc.
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Now we can use to advantage our notations in Section 2 to calculate
the limiting characteristic function

é(t, B, 4,0)= liLn i olexplitF4¥ (o)1)

for T> T.. Using the asymptotics (32) and (33} in the formula (8), we get
for T> T, [cf. (10)]

_ 2 220
du.8.0.0=exp {5-[F2 8 1600 |} (34)

while for T= T, we have to distinguish three cases, yielding

exp {—

<

2

~

éz(q)};

Blw o

(6=0)

“lim | duexp{—(u*/12) + irusin(gN"' ")},

N | duexp{—u/12} ’
3 1
or<t [o=g-t-n]
é(t, B, G, 0)=< | duexp{—(u*/12)+itud,(§)} (35)

§ du{—u*/12} ’
y=1, §#nn, neZ'

(-3

t2
exp{ - S}
y=1, d=nn, neZ'\{0}
(6=0)

It is clear that (34), (35), with (32), (33) for § € R interpolate the cases (9)
and (11) for y <3/4 and y > 1. Therefore, the statements of Theorems 2.1
and 2.2 are valid in a more general situation gy—0, but now for
#(1, B,4,0). For y=1 and §=nn(neZ'\{0}) we get again a “Papangelou
case,”* the fluctuations are normal (6 =0). Again they are the difference
of two coherent and compensating [sin §=0, (32)] abnormal fluctuations



Critical Fluctuations in Curie-Weiss Model 1151

of two subsystems; see also Theorem 2.1 and the remarks following it. For
3/4<y<1 we have no limit in (35), except for subsequences. This is an
indication of an “essential singularity” for the long-wavelength magnetic
fluctuations at T'=T,. The situation gets even more complicated for the
fading out external field.

As long as y > 1, we can easily generalize the statement of Theorem 3.2

[cf. (21)7]:

. " 2 J"Z 4
du.8.0.h=exp { - 5| FD o) |} (36)

The same formula covers the case y<1 for T> T, [cf. (17)], ie., part of
Theorem 3.1.

Using the arguments of Theorem 3.3, one can check this statement for
yzlat T=T,:

; . 7 £ 41(g)
¢(t, Bca ,h)=ex {_ __2.—} (37)
PR 2k
In this case d = /3 (2 < 3/2) [cf. (28)].
But for y <1 the situation changes drastically:

(a) Let ¢<3/2 and «/3+y—1>0. Then one gets for 6=a/3 +y—1
[cf. (28) and (32)] that

; N 1 sin}(gN!—"N"
(1, B, 4. )= lll{,nexp{— EW} (38)

This means that we have no limit for the characteristic function of the
magnetic fluctuations but different limits for subsequences {N,— co}.
For « <3/2 and «/3 +y—1<0, one gets [cf. (17)]

2
&(tv ﬂc’ ‘i’ h) =€xp {_ %dz(‘i)} (39)

with 4,(¢)=1/2.

(b) Let a>3/2. Then using (29), we get the first two cases described
by (35).

{c) Let «=3/2. Then by formula (31) and the arguments used in

(35) we again get the two first cases indicated there, y < 3/4 and 3/4 <y <,
but for the distribution function defined by 4, and A4 [cf. (31) and (35)].
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5. CONCLUDING REMARKS

Theorems 3.3-3.5 indicate very explicitly the importance of the scaling
parameter o of the external field, which plays the role of a boundary condi-
tion. For a> 3/2 the influence of the field is nonexistent; for a <3/2 the
critical index ¢ characterizing the abnormality of the fluctuations depends
on a. Such a phenomenon was also already observed in the study of
quantum systems.'® Finally a,=3/2 is a critical value.

As is also clear from the above, different mean-field-type models can
be characterized by different rate functions. On the other hand, for mean
fields there is a generally accepted form of rate function, usually called the
Ginzburg-Landau rate function. In spite of the fact that the latter yields
the same criticality (e.g., also «.=3/2), the distributions of the random
variables, like fluctuations, are different. In particular, the rigorous
Curie-Weiss model computations obtained above yield a different charac-
teristic function than the Ginzburg-Landau one. Typical for the latter is
that it is an even rate function defining the criticality, whereas formula (31)
does not yield an even one.

Finally, we did not discuss the region T< T.. In this case one can use
the above techniques, but now with 4, = +(4/N*), in order to recover the
two extremal measures (see, ¢.g., ref. 9). One gets straightforwardly that the
g-mode magnetization fluctuations are always normal and Gaussian.

The long-wavelength limit is now the next interesting question (i.e.,
g —0). There are many ways to take this limit. In Section 4 we gave a first
discussion of it, by taking gy =dN %, N > oo and § fixed. Already we find
there that for y satisfying 3/4 <y < 1 there is no limit distribution except for
subsequences. The combination of the long-wavelength limit (§N~") with
the vanishing boundary condition (hN~*) at T= T, indicates already the
richness of the structure. Here also the situation is not completely cleared
up and calls for elaboration. It remains an interesting point.
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